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A new family of MRD codes in F2n×2n
q
with
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In this paper, we present a new family of maximum rank-distance (MRD for short) codes in F2n×2nq of minimum distance
2 ≤ d ≤ 2n. In particular, when d = 2n, we can show that the corresponding semifield is exactly a Hughes-Kleinfeld semifield.
The middle and right nuclei of these MRD codes are both equal to Fqn . We also prove that the MRD codes of minimum distance
2 < d < 2n in this family are inequivalent to all known ones. The equivalence between any two members of this new family is also
determined.
Index Terms—rank-metric code, MRD code, semifield, Gabidulin code.
I. INTRODUCTION
Let K denote a field. The set of all m × n matrices over
K forms a K-vector space, which we denote by Km×n. For
A,B ∈ Km×n, we define
d(A,B) = rank(A−B),
which is often called the rank metric or the rank distance on
Km×n.
A subset C ⊆ Km×n with respect to the rank metric is called
a rank-metric code or a rank-distance code. If C contains at
least two elements, the minimum distance of C is given by
d(C) = min
A,B∈C,A 6=B
{d(A,B)}.
When C is a K-linear subspace of Km×n, we say that C is a
K-linear code and its dimension dimK(C) is defined to be the
dimension of C as a subspace over K.
Let Fq denote the finite field of q elements. For any C ⊆
Fm×nq with d(C) = d, it is well-known that
#C ≤ qmax{m,n}(min{m,n}−d+1),
which is the Singleton-like bound for the rank metric; see
[1]. When equality holds, we call C a maximum rank-distance
(MRD for short) code. More properties of MRD codes can be
found in [1], [2], [3], [4] and [5].
Rank-metric codes, in particular, MRD codes have been
studied since the 1970s and have seen much interest in
recent years due to a wide range of applications including
storage systems [6], cryptosystems [7], spacetime codes [8]
and random linear network coding [9].
In finite geometry, there are several interesting structures in-
cluding quasifields, semifields, and splitting dimensional dual
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hyperovals can be equivalently described as special types of
rank-metric codes; see [10], [11], [12], [13] and the references
therein. In particular, a finite quasifield corresponds to an MRD
code in Fn×nq of minimum distance n and a finite semifield
corresponds to such an MRD code that is a subgroup of
Fn×nq (see [14] for the precise relationship). Many essentially
different families of finite quasifields and semifields are known
[15], which yield many inequivalent MRD codes in Kn×n
of minimum distance n. In contrast, it appears to be much
more difficult to obtain inequivalent MRD codes in Fn×nq of
minimum distance strictly less than n. For the relationship
between MRD codes and other geometric objects such as
linear sets and Segre varieties, we refer to [16].
Besides quasifields, there are only a few known construc-
tions of MRD codes in Fn×nq . The first construction of MRD
codes was given by Delsarte [1]. This construction was later
rediscovered by Gabidulin [2] and generalized by Kshevetskiy
and Gabidulin [17]. Today this family is usually called the
generalized Gabidulin codes, sometimes it is also simply
called the Gabidulin codes (see Section II, for a precise
definition). It is easy to show that a Gabidulin code is always
Fqn -linear. Recently, another Fq-linear family was found by
Sheekey [18] and we often call them (generalized) twisted
Gabidulin codes. This family has been further generalized into
additive MRD codes by Otal and O¨zbudak [19], who also
constructed a family of non-additive MRD codes [20]. Given
any 2 ≤ d ≤ n, all these constructions can provide us MRD
codes of minimum distance d.
For MRD codes in Fn×nq of minimum distance d = n− 1,
there are a few more constructions. First, there is a nonlinear
family constructed by Cossidente, Marino and Pavese [21] and
later generalized by Durante and Siciliano [22]. Besides this
family, there are other constructions associated with maximum
scattered linear sets over PG(1, q6) and PG(1, q8) presented
recently in [23] and [24]. For more results concerning maxi-
mum scattered linear sets and associated MRD codes, see [25],
[26], [27] and [28].
For MRD codes in Fm×nq with m < n, there are many
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different approaches to construct them. A canonical way to
get them is puncturing (or projecting) MRD codes in Fm
′×n
q
with n ≥ m′ > m. In [29], a new criterion for the punctured
Gabidulin codes is presented, and for small m and n, several
constructions of inequivalent MRD codes are obtained. In [30],
it is presented a generic construction of MRD codes by using
algebraic geometry approaches, under the condition that n is
large enough compared with d and m. In [31], an approach to
derive MRD codes in Fm×nq from linear sets is investigated. In
[32], a nonlinear construction is presented. Recently, Schmidt
and the second author [33] showed that even in Gabidulin
codes there are a huge subset of inequivalent MRD codes.
In this paper, we present a new family of MRD codes in
F2n×2nq of any minimum distance d between 2 and 2n. In
particular, when d = 2n, we can show that the corresponding
semifield is exactly the Hughes-Kleinfeld semifield [34] found
in 1960. Through the investigation of their middle and right
nuclei, we can prove that the MRD codes in this new family
are inequivalent to all known constructions.
The rest of this paper is organized as follows. In Section
II, we introduce semifields, describe rank-metric codes in
Fn×nq via linearized polynomials and introduce the equivalence
between rank-metric codes as well as their dual codes and
adjoint codes. In Section III, we present our new family of
MRD codes and determine their middle and right nuclei. Based
on these results, we show that they are inequivalent to all the
known MRD codes except for one special case which is later
excluded in Section IV. Another result in Section IV is the
complete answer to the equivalence problem between different
members of this new family.
II. PRELIMINARIES
Roughly speaking, a semifield S is an algebraic structure
satisfying all the axioms of a skewfield except (possibly) the
associativity of its multiplication. A finite field is a trivial
example of a semifield. Furthermore, if S does not necessarily
have a multiplicative identity, then it is called a presemifield.
For a presemifield S, (S,+) is necessarily abelian [35].
The first family of non-trivial semifields was constructed
by Dickson [36] more than a century ago. In [35], Knuth
showed that the additive group of a finite semifield S is
an elementary abelian group, and the additive order of the
nonzero elements in S is called the characteristic of S. Hence,
any finite semifield can be represented by (Fq,+, ∗), where
q is a power of a prime p. Here (Fq,+) is the additive
group of the finite field Fq and x ∗ y can be written as
x ∗ y =
∑
i,j aijx
piyp
j
, which forms a map from Fq × Fq
to Fq. We refer to [15] for a recent and comprehensive survey
on finite semifields.
Geometrically speaking, there is a well-known correspon-
dence, via coordinatisation, between (pre)semifields and pro-
jective planes of Lenz-Barlotti type V.1, see [37], [38]. The
most important equivalence relation defined on (pre)semifields
is the isotopism. Given two (pre)semifields S1 = (F
n
p ,+, ∗)
and S2 = (F
n
p ,+, ⋆). If there exist three bijective linear
mappings L,M,N : Fnp → F
n
p such that
M(x) ⋆ N(y) = L(x ∗ y)
for any x, y ∈ Fnp , then S1 and S2 are called isotopic, and the
triple (M,N,L) is called an isotopism between S1 and S2.
In [39], Albert showed that two (pre)semifields coordinatize
isomorphic planes if and only if they are isotopic. Every
presemifield can be normalized into a semifield under an
appropriate isotopism; see [40] and [15].
Given a semifield S with multiplication ∗, we define its left,
middle and right nucleus by
Nl(S) := {a ∈ S : a ∗ (x ∗ y) = (a ∗ x) ∗ y for all x, y ∈ S},
Nm(S) := {a ∈ S : x ∗ (a ∗ y) = (x ∗ a) ∗ y for all x, y ∈ S},
Nr(S) := {a ∈ S : x ∗ (y ∗ a) = (x ∗ y) ∗ a for all x, y ∈ S}.
It is not difficult to prove that the semifield S can be viewed
as a left vector space over its left nucleus. In particular, when
S is finite, we can further show Nl(S) is actually a finite field
Fq. Let us assume that S is of size q
n. For every b ∈ S,
the map x 7→ x ∗ b defines an n × n matrix Mb over its
left nucleus Nl(S). Furthermore, all such matrices together
form a rank metric code {Mb : b ∈ S} which is actually an
MRD code, because the difference between any two distinct
members Mb and Md in it equals Mb −Md = Mb−d which
is always nonsingular. This MRD code is usually called the
semifield spread set associated with S; see [15].
Next, let us turn to rank-metric codes. As we are working
with rank-metric codes in Fn×nq rather than F
m×n
q withm < n
in this paper, it is more convenient to describe such a rank-
metric code using the language of q-polynomials or linearized
polynomials over Fqn which are the polynomials in the set
L(n,q)[X ] =
{∑
ciX
qi : ci ∈ Fqn
}
.
In fact, there is a bijection between Fn×nq and
L(n,q)[X ]/(X
qn − X); for more results about linearized
polynomials, we refer to [41].
As we mentioned in the introduction part, the most well-
known family of MRD codes is called (generalized) Gabidulin
codes. They can be described by the following set Gk,s of
linearized polynomials
{a0x+ a1x
qs + . . . ak−1x
qs(k−1) : a0, a1, . . . , ak−1 ∈ Fqn},
where s is relatively prime to n. It is obvious that there are
qkn polynomials in Gk,s and each polynomial in it has at most
qk−1 roots which means its minimum distance d = n−k+1.
Hence its size meets the Singleton-like bound.
For x ∈ Fqm , let Nqm/q(x) denote the norm from Fqm
to Fq, i.e. Nqm/q(x) = x
1+q+···qm−1 . The following result
follows from [42, Theorem 10].
Lemma 1. Let s and m be two relatively prime positive inte-
gers. Suppose that f = f0X+f1X
qs+· · ·+fkXq
sk
∈ Fqm [X ]
is a linearized polynomial with fk 6= 0. If f has qk roots, then
Nqsm/qs(f0) = (−1)
kmNqsm/qs(fk).
In [18], Sheekey applied Lemma 1 and found a new family
of MRD codes Hk,s(η, h) which equals
{a0x+ a1x
qs + · · ·+ ak−1x
qs(k−1) + ηaq
h
0 x
qsk : ai ∈ Fqm},
where η satisfies Nqsm/qs(η) 6= (−1)
km, i.e. Nqm/q(η) 6=
(−1)km. Such an MRD code is usually called a (generalized)
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twisted Gabidulin code. It is clear that if we allow η equal 0,
Gk,s can be viewed as a subfamily of the twisted Gabidulin
codes. Replacing the field automorphism a0 7→ a
qh
0 in the
coefficient of the last term of the elements in Hk,s(η, h)
by an automorphism in Aut(Fqn) \ Aut(Fqn/Fq), Otal and
O¨zbudak [19] generalized this family into an additive one.
There are several slightly different definitions of equivalence
of rank-metric codes. In this paper, we use the following notion
of equivalence.
Definition 2. Two rank-metric codes C1 and C2 in Km×n are
equivalent if there exist A ∈ GLm(K), B ∈ GLn(K), C ∈
Km×n and ρ ∈ Aut(K) such that
C2 = {AM
ρB + C : M ∈ C1}. (1)
Form = n, if C2 is equivalent to C1 or CT1 := {M
T : M ∈ C1}
where ( . )T means transposition, then we say C1 and C2 are
isometrically equivalent. An equivalence map from a rank-
metric code C to itself is also called an automorphism of C.
When C1 and C2 are both additive and equivalent, it is not
difficult to show that we can choose C = 0 in (1). In particular,
when C1 and C2 are semifield spread sets, they are equivalent if
and only if the associated semifields are isotopic [15, Theorem
7].
Back to the descriptions in linearized polynomials, given
two rank-metric codes C1 and C2 which consist of linearized
polynomials, they are equivalent if there exist ϕ1, ϕ2 ∈
L(n,q)[X ] permuting Fqn , ψ ∈ L(n,q)[X ] and ρ ∈ Aut(Fq)
such that
ϕ1 ◦ f
ρ ◦ ϕ2 + ψ ∈ C2 for all f ∈ C1,
where ◦ stands for the composition of maps and fρ =∑
aρiX
qi for f =
∑
aiX
qi .
In general, it is a difficult problem to tell whether two given
rank-metric codes are equivalent or not. There are several
invariants which may help us to distinguish them. Given a
K-linear rank-metric code C ⊆ Km×n, its middle nucleus is
defined as
Nm(C) = {M ∈ K
m×n : MC ∈ C for all C ∈ C},
and its right nucleus is defined as
Nr(C) = {M ∈ K
m×n : CM ∈ C for all C ∈ C}.
These two concepts were introduced in [43] and they can be
viewed as a natural generalization of the middle and right
nucleus of semifields. In [44], they are called the left idealizer
and the right idealizer of C, respectively. In general, we can
also define the left nucleus of C. However, for MRD codes
over K containing singular matrices, it is always K which
means it is not a useful invariant; see [43].
For a rank-metric code C given by a set of linearized
polynomials, its middle nucleus and right nucleus can also be
written as sets of linearized polynomials. Precisely the middle
nucleus of C is
Nm(C) = {ϕ ∈ L(n,q) : f ◦ ϕ ∈ C for all f ∈ C}.
It is defined by f ◦ ϕ rather than ϕ ◦ f because we always
consider a row vector u multiplying a matrix C which is a
member of a rank-metric code. This means that M ∈ Nm(C)
only if uMC = uC′ for some C′ ∈ C.
Similarly, the right nucleus of C is
Nr(C) = {ϕ ∈ L(n,q) : ϕ ◦ f ∈ C for all f ∈ C}.
They played an important role in [33] proving a lower bound
on the numbers of inequivalent Gabidulin codes in Fm×nq . The
middle and right nuclei of generalized twisted Gabidulin codes
together with a complete answer to the equivalence between
members in this family can be found in [45].
We define a symmetric bilinear form on the set Fm×nq by
〈M,N〉 := Tr(MNT ),
where NT is the transpose of N . The Delsarte dual code of
an Fq-linear code C is
C⊥ := {M ∈ Fm×nq : 〈M,N〉 = 0 for all N ∈ C}.
One important result proved by Delsarte [1] is that the
Delsarte dual code of a linear MRD code is still MRD. As we
are considering MRD codes using linearized polynomials, the
Delsarte dual can also be interpreted in the following way [18].
We define the bilinear form b on q-polynomials by
b (f, g) = Trqn/q
(
n−1∑
i=0
aibi
)
,
where f(x) =
∑n−1
i=0 aix
qi and g(x) =
∑n−1
i=0 bix
qi ∈ Fqn [x].
The Delsarte dual code C⊥ of a set of q-polynomials C is
C⊥ = {f : b(f, g) = 0 for all g ∈ C}.
It is well-known and also not difficult to show directly that
two linear rank-metric codes are equivalent if and only if their
duals are equivalent.
Let C be an MRD codes in Km×n. It is obvious that {MT :
M ∈ C} is also an MRD codes, because the ranks of MT
and M are the same. When K = Fq and m = n, we can
also interpret the transpose of matrices into an operation on
q-polynomials.
The adjoint of a q-polynomial f =
∑n−1
i=0 aix
qi is given by
fˆ :=
n−1∑
i=0
aq
n−i
i x
qn−i .
If C is a rank-metric codes consisting of q-polynomials, then
the adjoint code of C is Ĉ := {fˆ : f ∈ C}. In fact, the adjoint
of f is equivalent to the transpose of the matrix derived from
f . This result can be found in [46].
Regarding the adjoint and Delsarte dual operation, we have
Nm(Ĉ) = N̂r(C) = Nr(C
⊥), (2)
and
Nm(C
⊥) = N̂m(C) = Nr(Ĉ), (3)
which are proved in [43, Proposition 4.2].
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III. A CLASS OF MRD CODES
In the rest of this paper, we writeN(x) instead ofNq2n/q(x)
for short. By applying Lemma 1, we can get another family
of MRD codes.
Theorem 3. Let s and n be two integers satisfying
gcd(s, 2n) = 1. For γ ∈ Fq2n satisfying that N(γ) is a non-
square in Fq, we define Dk,s(γ) as the set{
aX +
k−1∑
i=1
ciX
qis
+ γbX
qks
: c1, · · · , ck−1 ∈ Fq2n , a, b ∈ Fqn
}
.
(4)
Then Dk,s(γ) is an MRD code.
Proof. It is clear that #Dk,s(γ) = q2nk. We need to show that
for each polynomial f ∈ Dk,s(γ), it has at most qk−1 roots
which means its minimum distance is d = 2n− k+1. Hence
Dk,s(γ) is an MRD code.
By way of contradiction, let us assume that
f = aX +
∑k−1
i=1 ciX
qis + γbXq
k
has qk roots
which implies that a and b are both nonzero. By
Lemma 1, Nq2sn/qs(a) = (−1)
2nkNq2sn/qs(γb). Hence
Nq2sn/qs(a/b) = Nq2sn/qs(γ) = N(γ). As a, b ∈ Fqn ,
Nq2sn/qs
(a
b
)
=
(a
b
)2(1+qs+···+q(n−1)s)
= Nqn/q
(a
b
)2
which is a square in Fq. However, this contradicts the assump-
tion on N(γ).
Let us first look at the Delsarte dual code of Dk,s(γ). It is
straightforward to compute that Dk,s(γ)⊥ equals{
−γbX + aXq
ks
+
2n−1∑
i=k+1
ciX
qis : a, b ∈ Fqn , ci ∈ Fq2n
}
.
ReplacingX by Xq
2n−ks
in every term and moduleXq
2n
−X ,
we get D2n−k,s(−γ).
Proposition 4. The Delsarte dual code of Dk,s(γ) is equiva-
lent to D2n−k,s(−γ).
It can also be readily verified the following result of the
adjoint code of Dk,s(γ).
Proposition 5. The adjoint code of Dk,s(γ) is equivalent to
Dk,s(1/γ).
By Theorem 3, it is clear that aX + γbXq
s
defines a
semifield multiplication. As γ /∈ Fqn (otherwise N(γ) must
be a square in Fq), for every x ∈ Fq2n , we can write it as
x = c+ dγ for some c, d ∈ Fqn .
Assume that γq
s+1 = u + vγ for certain u, v ∈ Fqn . By
expanding ax+ γbxq
s
, we have
ax+ γbxq
s
= (ac+ bdq
s
u) + (ad+ bcq
s
+ bdq
s
v)γ.
We view them as vectors in F2qn and define a semifield
multiplication
(c, d) ∗ (a, b) = (ac+ bdq
s
u, ad+ bcq
s
+ bdq
s
v), (5)
for a, b, c, d ∈ Fqn . By comparing with [38, Theorem 9.7], we
see that (5) is exactly the multiplication of a Hughes-Kleinfeld
semifield [34], which is also the multiplication of a Knuth
semifield of type II [35].
By [38, Lemma 9.8], Fqn is the right and middle nucleus of
H. In [47], a necessary and sufficient condition for x+ yγ ∈
Nl(H) are derived.
Proposition 6. Let ∗ be the multiplication defined by (5) and
H denote the associated semifield (F2qn ,+, ∗).
(a) Nr(H) = Fqn .
(b) Nm(H) = Fqn .
(c) For x, y ∈ Fqn , x+ yγ ∈ Nl(H) if and only if{
xq
2s
+ yq
2s
vq
s
= x+ yq
s
v,
yu+ xq
s
v + yq
s
v2 = yq
2s
uq
s
+ xq
2s
v + yq
2s
vq
s+1.
Next, let us investigate the middle and right nucleus of the
MRD codes Dk,s(γ) defined in Theorem 3. They are very
important invariants with respect to the equivalence of rank-
metric codes. We will use them later to show that Dk,s(γ)
contains MRD codes which are not equivalent to any known
one.
Theorem 7. Let k be an integer satisfying 1 ≤ k ≤ 2n− 1.
Then the right nucleus of Dk,s(γ) is
Nr(Dk,s(γ)) = {aX : a ∈ Fqn}, (6)
and its middle nucleus is
Nm(Dk,s(γ)) = {aX : a ∈ Fqn}. (7)
Proof. When k = 1, Dk,s(γ) is isotopic to a Hughes-
Kleinfeld semifield H, and the result can be then derived from
Proposition 6. By duality, we get the result for k = 2n− 1.
In the rest part, we assume that 2 ≤ k ≤ 2n− 2. Assume
that ϕ =
∑2n−1
i=0 diX
qis is an element in Nr(Dk,s(γ)). As
ϕ(c1X
qs) ∈ Dk,s(γ), we see that di = 0 for k < i < 2n−1. In
fact, only d2n−1, d0 and d1 can be nonzero. When k = 2, this
is obvious. When k > 2, this statement can be directly verified
by checking ϕ(cjX
qjs) ∈ Dk,s(γ) for j = 2, · · · , k − 1.
Next we consider ϕ(aX + γbXq
ks
) which should also be
in Dk,s(γ). As ϕ = d2n−1Xq
(2n−1)s
+ d0X + d1X
qs , in the
expansion of ϕ(aX + γbXq
ks
) the coefficient of Xq
(2n−1)s
is d2n−1a
q(2n−1)s and the coefficient of Xq
(k+1)s
is d1(γb)
qs .
Since a and b can take any value in Fqn , by checking the
elements in Dk,s(γ) we see that d2n−1 and d1 must be 0.
Thus ϕ = d0X . From
ϕ(aX + γbXq
ks
) = d0aX + γd0bX
qks ∈ Dk,s(γ)
we derive d0 ∈ Fqn .
By D̂k,s(γ) = Dk,s(1/γ) in Proposition 5 and (2), we get
Nm(Dk,s(γ)) = Nr
(
Dk,s
(
1
γ
)⊥)
= Nr
(
D2n−k,s
(
−
1
γq2n−ks
))
which equals {aX : a ∈ Fqn}.
Corollary 8. In F2n×2nq , the MRD code Dk,s(γ) is not
equivalent to any generalized Gabidulin code. When k 6= n
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or h 6= n, Dk,s(γ) is also not equivalent to any generalized
twisted Gabidulin code Hk,t(η, h) with η 6= 0.
Proof. When k = 1, a (generalized) Gabidulin code {aX :
a ∈ Fq2n} is derived from the multiplication of the finite field
Fq2n , which is never isotopic to a Hughes-Kleinfeld semifield.
Hence the corresponding MRD codes are not equivalent.
Moreover, H1,s(η, h) associates a generalized twisted field,
which is a presemifield. If s 6≡ h (mod 2n), it is isotopic to
a semifield whose middle nucleus is of size qgcd(2n,s−h) and
right nucleus is of size qgcd(2n,h); otherwise s ≡ h (mod 2n)
and this presemifield is isotopic to the finite field Fq2n ; see [48]
and [49]. Thus H1,s(η, h) cannot be equivalent to D1,s(γ).
When k = 2n−1, we can simply consider the equivalences
between their Delsarte dual codes which have been already
determined above.
In the rest, we only have to investigate the equivalence
problem for 1 < k < 2n− 1.
According to [43, Corollary 5.9 (a)], the middle (or right)
nucleus of a generalized Gabidulin codes over Fq2n is always
Fq2n . Hence it is different from the middle nucleus of Dk,s(γ)
by Theorem 7, which means that they are not equivalent.
According to [43, Corollary 5.9 (b)], Nm(Hk,t(η, h)) in
F2n×2nq is of size q
gcd(2n,sk−h) and Nr(Hk,t(η, h)) is of size
qgcd(2n,h). Hence, Dk,s(γ) and Hk,t(η, h) are equivalent only
if gcd(2n, h) = h and gcd(2n, sk − h) = n which means
h = n = k.
For k = 2, as the middle nucleus of D2,s(γ) is not of size
q2n, it is also not equivalent to those MRD codes associated
with maximum scattered linear sets constructed in [23] and
[24].
IV. EQUIVALENCE
In Section III, we have shown that most members of the
MRD codes Dk,s(γ) are new with respect to the equivalence
of rank-metric codes. In the last part of this section, we
will completely solve the last open case whether Dn,s(γ) is
equivalent to Hn,t(θ, n) or not.
First we investigate the equivalence between different mem-
bers of this family. If we want to further determine the iso-
metric equivalence between Dk,s(γ) and Dk,t(θ), the answer
follows directly from our result about the equivalence map
from Dk,s(γ) to Dk,t(θ) or its adjoint Dk,t(1/θ).
By using our knowledge of the middle and right nucleus of
Dk,s(γ), we can prove the following results.
Lemma 9. Let n, s, t ∈ Z+ satisfying gcd(2n, s) =
gcd(2n, t) = 1. Let γ and θ be in Fq2n satisfying that
N(γ) and N(θ) are both non-square in Fq . Let (ϕ1, ϕ2, ρ)
be an equivalence map between Dk,s(γ) and Dk,t(θ) for
1 < k < 2n − 1. If k 6= n or n ≥ 3, then ϕ1 and ϕ2
are both monomials.
Proof. By Proposition 4, D2n−k,s(−γ) is equivalent to the
Delsarte dual code of Dk,s(γ). As two MRD codes are
equivalent if and only if their Delsarte duals are equivalent,
we only have to prove the statement for k ≤ n.
According to the definition of equivalence, ϕ1 ◦ fρ ◦ ϕ2 ∈
Dk,t(θ) for every f ∈ Dk,s(γ). As fρ ∈ Dk,s(γρ), ϕ1 must be
in the normalizer of Nr(Dk,s(γρ)) in GL(2n, q). By Theorem
7, the right nucleus Nr(Dk,s(γ
ρ)) = {aX : a ∈ Fqn}. It
follows that
ϕ1 = cX
ql + dXq
l+n
for a certain l ∈ {0, · · · , 2n− 1} and c, d ∈ Fq2n . This result
is well-known and can be verified directly as follows. Assume
that ϕ1 =
∑2n−1
i=0 aiX
qi . Then for each b ∈ Fqn , there always
exists some b′ ∈ Fqn such that
ϕ1 ◦ bX =
2n−1∑
i=0
aib
qiXq
i
= b′X ◦ ϕ1 =
2n−1∑
i=0
b′aiX
qi .
This implies that if ai 6= 0 then b
qi = b′, which means that at
most two coefficients al and al+n are nonzero for a certain l.
By the same argument, we can also show that
ϕ2 = gX
qj + hXq
j+n
for some j ∈ {0, · · · , 2n− 1} and g, h ∈ Fq2n .
Now let us look at the image of ciX
qis under the equiva-
lence map (ϕ1, ϕ2, id). By calculation,
ϕ1 ◦ ciX
qis ◦ ϕ2
=ccq
l
i (gX
qj + hXq
j+n
)q
is+l
+ dcq
l+n
i (gX
qj + hXq
j+n
)q
is+l+n
=(cgq
is+l
cq
l
i + dh
qis+l+ncq
l+n
i )X
qj+is+l (8)
+ (chq
is+l
cq
l
i + dg
qis+l+ncq
l+n
i )X
qj+is+l+n .
When k < n, as ϕ1 ◦ ciXq
is
◦ ϕ2 ∈ Dk,t(θ), one of the
coefficients of Xq
j+is+l
and Xq
j+is+l+n
= Xq
j+is+l+tn
must
be 0 for all ci ∈ Fq2n . Together with the condition that ϕ1
and ϕ2 are permutation polynomials, we show that c = h = 0
or d = g = 0 or c = g = 0 or d = h = 0, which means ϕ1
and ϕ2 are both monomials.
When k = n, as ϕ1 ◦ciXq
is
◦ϕ2 ∈ Dk,t(θ), the coefficients
of Xq
j+is+l
and Xq
j+is+l+n
= Xq
j+is+l+tn
are both nonzero
only if exact one of j + is+ l and j + is+ l + tn equals 0.
If n ≥ 3, i can be taken for at least two different values from
{1, 2, · · · , k − 1}. Hence we can choose the value of i such
that j + is+ l 6= 0, n. As in the case k < n, we see that ϕ1
and ϕ2 must be both monomials.
The following lemma can be proved by using exactly the
same argument and we omit its proof.
Lemma 10. Let n, s, t ∈ Z+ satisfying gcd(2n, s) =
gcd(2n, t) = 1. Let γ and η be in F∗q2n satisfying that N(γ)
is a non-square in Fq and N(η) 6= 1. Let (ϕ1, ϕ2, ρ) be an
equivalence map between Dn,s(γ) and Hn,t(η, n). If n ≥ 3,
then ϕ1 and ϕ2 are both monomials.
Now we can determine the equivalence between Dk,s(γ)
and Dk,t(θ).
Theorem 11. Let n, s, t ∈ Z+ satisfying gcd(2n, s) =
gcd(2n, t) = 1. Let γ and η be in Fq2n satisfying that N(γ)
and N(θ) are both non-square in Fq. Let k be an integer
satisfying 1 < k < 2n− 1.
When k 6= n or n ≥ 3, the MRD code Dk,s(γ) is equivalent
to Dk,t(θ) if and only if one of the following collections of
conditions are satisfied.
JOURNAL OF LATEX CLASS FILES, VOL. XX, NO. X, JUNE 20XX 6
(a) s ≡ t (mod 2n), there exist σ ∈ Aut(Fq2n) and h ∈
Fq2n such that γ
σhq
ks−1 = θ.
(b) s ≡ −t (mod 2n), there exist σ ∈ Aut(Fq2n) and h ∈
Fq2n such that γ
σhq
ks−1 = 1/θ.
Proof. As in the proof of Lemma 9, we only have to handle
the cases k ≤ n.
Assume that (ϕ1, ϕ2, ρ) is an equivalence map between
Dk,s(γ) and Dk,t(θ).
When k 6= n or n ≥ 3, by Lemma 9, we can assume
that ϕ1 = dX
ql and ϕ2 = gX
qj for some d, g ∈ F∗qn and
l, j ∈ {0, · · · , 2n− 1}.
For arbitrary ci ∈ Fq2n with i ∈ {1, · · · , k − 1},
ϕ1 ◦ ciX
qis ◦ ϕ2 = dc
ql
i g
qis+lXq
is+l+j
.
It follows that is + l + j ∈ {t, 2t, · · · , (k − 1)t}. As
gcd(2n, s) = gcd(2n, t) = 1, we can assume that s ≡ rt
(mod 2n) which means
{irt+l+j (mod 2n) : i = 1, · · · , k−1} = {t, 2t, · · · , (k−1)t}.
As k ≤ n, it is straightforward to see that either r = 1 and
l + j ≡ 0 (mod 2n), or r = −1 and l + j ≡ kt (mod 2n).
When r = 1, i.e. s ≡ t (mod 2n) and j ≡ −l (mod 2n),
for a, b ∈ Fqn , applying (ϕ1, ϕ2, ρ) onto aX + γbXq
ks
, we
obtain
ϕ1 ◦
(
aρX + γρbρXq
ks
)
◦ ϕ2
= daρq
l
gq
l
X + dγρq
l
bρq
l
gq
ks+l
Xq
ks
,
which belongs to Dk,t(θ) if and only if dg
ql ∈ Fqn and
dγρq
l
gq
ks+l
∈ θFqn . Let σ denote the automorphism of Fqn
defined by x 7→ xρq
l
. Let h = gq
l
. Then we see that there
must be a solution of h such that γσhq
ks−1 = θ.
When r = −1, i.e. s ≡ −t (mod 2n) and j ≡ kt − l
(mod 2n), for a, b ∈ Fqn , we apply (ϕ1, ϕ2, ρ) onto aX +
γbXq
ks
and get
ϕ1 ◦
(
aρX + γρbρXq
ks
)
◦ ϕ2
= daρq
l
gq
l
Xq
kt
+ dγρq
l
bρq
l
gq
ks+l
X,
which belongs to Dk,t(θ) if and only if dgq
l
∈ θFqn and
dγρq
l
gq
ks+l
∈ Fqn . Let σ denote the automorphism of Fqn
defined by x 7→ xρq
l
. Let h = gq
l
. Then we see that there
must be a solution of h such that γσhq
ks−1 = 1/θ.
Therefore we have proved the necessary condition in the
statement for k 6= n or n ≥ 3. For sufficiency, it is routine to
do a verification.
There are 3 cases which are not covered by Theorem 11:
k = 1, k = 2n−1 and k = n = 2. For k = 1, D1,s(γ) defines
a Hughes-Kleinfeld semifield whose autotopism group has
been completely determined in [47]. It appears that using the
same approach, the equivalence between D1,s(γ) and D1,t(θ)
can also be determined. Hence, in the rest of this section, we
will skip the case k = 1. Moreover, for k = 2n− 1, the MRD
code is the Delsarte dual code of a Hughes-Kleinfeld semifield
by Proposition 4. We will also skip this case, because the
equivalence problem for this case can be completely converted
into the equivalence problem for Hughes-Kleinfeld semifields.
Next we investigate the last case in which k = n = 2. As
gcd(2n, s) = gcd(2n, t) = 1 and n = 2, t ≡ ±s (mod 2n).
In fact, t and s can only be 1 or −1 modulo 2n.
Theorem 12. Let s, t ∈ Z+ satisfying gcd(4, s) = gcd(4, t) =
1. Let γ and θ be in Fq4 satisfying that Nq4/q(γ) and Nq4/q(θ)
are both non-square in Fq.
The MRD code D2,s(γ) is equivalent to D2,t(θ) if and only
if one of the following collections of conditions are satisfied.
(a) s ≡ t (mod 4), there exists σ ∈ Aut(Fq4) and h ∈ Fq4
such that γσhq
2s−1 = θ.
(b) s ≡ t (mod 4), there exist c, d, g, h ∈ Fq4 , ρ ∈ Aut(Fq)
and l ∈ {0, 1, 2, 3} such that
cgq
s+l
− dq
2
hq
s+l
= 0,
chq
s+l
θq
2
− dq
2
gq
s+l
θ = 0,
cgq
l
+ dhq
l+2
= 0,
chq
2s+l
γρq
l
+ dgq
l
γρq
l+2
= 0.
(c) s ≡ −t (mod 4), there exists σ ∈ Aut(Fq4) and h ∈ Fq4
such that γσhq
2s−1 = 1/θ.
(d) s ≡ −t (mod 4), there exist c, d, g, h ∈ Fq4 , ρ ∈
Aut(Fq) and l ∈ {0, 1, 2, 3} such that
cgq
s+l
− dq
2
hq
s+l
= 0,
chq
s+l
θq
2
− dq
2
gq
s+l
θ = 0,
chq
l
+ dgq
l+2
= 0,
cgq
2s+l
γρq
l
+ dhq
l
γρq
l+2
= 0.
Proof. In this proof, we will still write n instead of 2 in some
equations even though we have assumed that n = 2.
If cXq
s
∈ D2,s(γ) is always mapped to another monomial
for all c ∈ Fq2n , then the same calculation in Theorem 11
shows the necessary and sufficient conditions (a) and (c).
In the rest of the proof, we always assume that cXq
s
∈
D2,s(γ) is mapped to a binomial for some c. Taking i = 1 in
(8), we see that j + s+ l can be taken for exact two possible
value: j + s+ l ≡ 0 (mod 2n) or j + s+ l ≡ n (mod 2n).
Let us consider the case s ≡ t (mod 2n). First we assume
that j+s+ l ≡ 0 (mod 2n). From ϕ1 ◦ c1Xq
s
◦ϕ2 ∈ D2,t(θ)
and (8), we derive that the coefficient of Xq
j+s+l
belongs to
Fqn and the coefficient of X
qj+s+l+n belongs to θFqn , which
means that
cgq
s+l
cq
l
1 + dh
qs+l+ncq
l+n
1 (9)
= cq
n
gq
s+l+n
cq
l+n
1 + d
qnhq
s+l
cq
l
1
and
(chq
s+l
cq
l
1 + dg
qs+l+ncq
l+n
1 )θ
qn (10)
= (cq
n
hq
s+l+n
cq
l+n
1 + d
qngq
s+l
cq
l
1 )θ
hold for every c1 ∈ Fq2n . If we view (9) as a polynomial of
c1, by comparing the coefficients of c
ql
1 (or those of c
ql+n
1 ) in
it, we obtain
cgq
s+l
= dq
n
hq
s+l
. (11)
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Similarly, from (10) we derive
chq
s+l
θq
n
= dq
n
gq
s+l
θ. (12)
Furthermore, from ϕ1 ◦ aX ◦ ϕ2 ∈ D2,t(θ) with a ∈ Fqn
we can derive more conditions. As the coefficient of Xq
j+l
=
Xq
2n−s
in it must be zero, by plugging a = ci and i = 0 into
(8), we get
cgq
l
+ dhq
l+n
= 0. (13)
Analogously, by checking the coefficient of Xq
j+2s+l+n
=
Xq
j+l
= Xq
3s
in ϕ1 ◦ γρbXq
2s
◦ ϕ2 ∈ D2,t(θ) with b ∈ Fqn ,
we obtain
chq
2s+l
γρq
l
+ dgq
l
γρq
l+n
= 0. (14)
For j+s+ l ≡ n (mod 2n), the proof is similar. By check-
ing the coefficients of Xq
j+s+l
= Xq
n
and Xq
j+s+l+n
= X
in ϕ1 ◦ c1Xq
s
◦ ϕ2 ∈ D2,t(θ), we obtain
chq
s+l
= dq
n
gq
s+l
, (15)
cgq
s+l
θq
n
= dq
n
hq
s+l
θ. (16)
Furthermore, as the coefficient of Xq
j+l+n
= Xq
3s
in ϕ1 ◦
aX ◦ ϕ2 ∈ D2,t(θ) must be 0 for every a ∈ Fqn ,
chq
l
+ dgq
l+n
= 0. (17)
By checking the coefficient of Xq
j+2s+l
= Xq
3s
in ϕ1 ◦
γρbXq
2s
◦ ϕ2 ∈ D2,t(θ) with b ∈ Fqn , we get
cgq
2s+l
γρq
l
+ dhq
l
γρq
l+n
= 0. (18)
Hence, (15), (17), (16) and (18) can be simply obtained by
switching of g and h in (11), (13), (12) and (14), respectively.
We finish the proof of the necessity part of (b).
After a careful check of the previous calculations, we can
see that if c, d, g, h, ρ and l satisfy (11), (12), (13) and
(14) simultaneously, then the map (ϕ1, ϕ2, ρ) is indeed an
equivalence map between D2,s(γ) and D2,t(θ). Therefore the
condition (b) is also sufficient.
For the case (d) in which s ≡ −t (mod 4), the proof is the
same. For j + s+ l ≡ 0 (mod 2n), we can also get the same
equations (11) and (12). However, now g and h are switched
in (13) and (14). We omit the details of these calculations.
Remark 1. It is possible that the conditions (b) and (d) hold.
For instance, let q = 3, s = 1 and γ = θ = ω which is a root
of X4 + 2X3 + 2 ∈ Fq[X ]. Taking l = 0, c = 1, d = ω
36,
g = ω2, h = ω54 and ρ = id, we get an equivalence map
from D2,1(γ) to itself.
Remark 2. By Theorem 11 (a) and Theorem 12 (a) (b), the
automorphism group of an MRD code Dk,s(γ) can also be
determined.
Recall that in Corollary 8, the equivalence between Dn,s(γ)
and Hn,t(η, n) is the unique open case. Finally we will solve
this problem by using the same approach which was used in
the proofs of Theorems 11 and 12.
Theorem 13. Let n, s, t ∈ Z+ satisfying gcd(2n, s) =
gcd(2n, t) = 1. Let γ and η be in F∗q2n satisfying that N(γ)
is a non-square in Fq and N(η) 6= 1. Then Dk,s(γ) and
Hk,t(η, h) are not equivalent for all k and h.
Proof. By Corollary 8, we only have to face the case k =
n = h. Assume that (ϕ1, ϕ2, ρ) defines an equivalence map
from Dn,s(γ) to Hn,t(η, n). As we are going to show that
such a map never exist, without loss of generality, we assume
that ρ = id; otherwise we consider the equivalence map from
Dn,s(γρ) to Hn,t(η, n).
We separate our proof into two parts depending on the value
of n.
(a) When n ≥ 3, the proof is quite similar to that for The-
orem 11. By Lemma 10, we can assume that ϕ1 = dX
ql and
ϕ2 = gX
qj for some d, g ∈ F∗qn and l, j ∈ {0, · · · , 2n− 1}.
For arbitrary ci ∈ Fq2n with i ∈ {1, · · · , n− 1},
ϕ1 ◦ ciX
qis ◦ ϕ2 = dc
ql
i g
qis+lXq
is+l+j
,
which should belong to Hn,t(η, n). It follows that is+ l+ j ∈
{t, 2t, · · · , (n−1)t}. As gcd(2n, s) = gcd(2n, t) = 1, we can
assume that s = rt whence
{irt+ l + j : i = 1, 2, · · · , n− 1} = {t, 2t, · · · , (n− 1)t}.
It is straightforward to see that r = 1 and l+j ≡ 0 (mod 2n),
or r = −1 and l+ j ≡ nt (mod 2n).
No matter r = 1 or −1, applying (ϕ1, ϕ2, id) to aX , we
see that one of the coefficients of X and Xq
kt
is zero and the
other one is a function of a. This contradicts the assumption
ϕ1 ◦ aX ◦ ϕ2 ∈ Hn,t(η, n) for every a ∈ Fqn .
(b) When n = 2, it is clear that s and t are congruent to ±1
modulo 2n. In fact, it is sufficient to consider the case t = s,
because Hn,−s(η, n) is equivalent to Hn,s(1/ηq
2s
, n).
As the middle and right nuclei of Dn,s(γ) to Hn,t(η, n)
are Fqn , we can assume that ϕ1 = cX
ql + dXq
l+n
and ϕ2 =
gXq
j
+hXq
j+n
. Our first goal is to show that ϕ1 and ϕ2 must
be monomials.
Assume, by way of contradiction, that c, d, g, h are all
nonzero. Plugging i = 1 and ci = w into (8), we get
ϕ1 ◦ wX
qs ◦ ϕ2 =(cg
qs+lwq
l
+ dhq
s+l+n
wq
l+n
)Xq
j+s+l
(19)
+ (chq
s+l
wq
l
+ dgq
s+l+n
wq
l+n
)Xq
j+s+l+n
,
which should belong to Hn,s(η, n) for all w ∈ Fq2n . As in
the proof of Theorem 12, we see that j + s+ l can only take
two possible value: j + s+ l ≡ 0 (mod 2n) or j + s+ l ≡ n
(mod 2n).
If j + s + l ≡ 0 (mod 2n), from ϕ1 ◦ wX
qs ◦ ϕ2 ∈
Hn,t(η, n), we derive
η(cgq
s+l
wq
l
+dhq
s+l+n
wq
l+n
)q
n
= chq
s+l
wq
l
+dgq
s+l+n
wq
l+n
for every w ∈ Fq2n , which means{
ηcq
n
gq
3s+l
= dgq
3s+l
,
ηdq
n
hq
s+l
= chq
s+l
.
As we have assumed that g and h are both nonzero, the
two above equations implies that ηcq
n
= d and ηdq
n
= c.
Hence ηq
n+1 = 1, which implies that N(η) = ηηqηq
2
ηq
3
=
JOURNAL OF LATEX CLASS FILES, VOL. XX, NO. X, JUNE 20XX 8
(ηηq
2
)(ηηq
2
)q = 1 contradicting the assumption that N(η) 6=
1.
For j + s + l ≡ n (mod 2n), the proof is analogous and
we omit it.
Therefore we have proved that ϕ1 = dX
ql and ϕ2 = gX
qj
for some d, g ∈ F∗q2n and l, j ∈ {0, · · · , 3}. As the case n ≥ 3
proved in part (a), it is routine to expand ϕ1 ◦ aX ◦ϕ2 and to
check that it cannot belong to Hn,t(η, n). Hence there is no
equivalence map from Dn,s(γ) to Hn,t(η, n).
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